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1. INTRODUCTION 

Generalized inverses of matrixes play a role in least squares problems.  If we wish to 

minimize q = (Ax-b)T(Ax-b), a solution is given by x = A+b, where A+ is the Moore-Penrose 

inverse of A.  Furthermore, if the solution is not unique, then A+b is the solution of minimal 

length, which is unique.  But generalized inverses occur in many other ways.  They are crucial 

in the theory of linear associative memories [1], in regression analysis [2], and the theory of 

constrained mechanical motion [3]. 

There are many approaches available for the determination of generalized inverses.  

Among these are the methods of Decell and Greville [4,5].  A prominent role is played by the 

resolution of a matrix into its singular value decomposition [3].  But the functional equation 

approach of dynamic programming is also available, because we may consider a matrix as 

being built up one column at a time.  There is a long history of applications of dynamic 

programming to least squares problems [6].  But this is the first time, to out knowledge, that it 

has been used to obtain the generalized inverse of a matrix.  The main purpose of this paper is 

to show how this is done and to elucidate the connection between dynamic programming and 

the Greville approach [5], also a sequential method. 

In the next section we present the approach of determination of generalized inverses of 

matrices using Bellman’s principle of optimality.  This results in an algorithm, which may be 

called the αQβR procedure.  Then Greville’s algorithm is reviewed briefly.  Next it is shown 

that the αQβR algorithm produces enough information to determine the generalized inverse of 

a matrix, whether it is of full rank or not.  Finally, some results of numerical experiments are 

presented, and conclusions are given in a discussion.  Computer programs in MATLAB are 

provided in an appendix. 
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2. DERIVATION OF αQβR ALGORITHM 

This dynamic program for calculating generalized inverse is inspired by the αQβR 

algorithm which seeks for the vector x through a dynamic program such that |Ax – b|2 is a 

minimum, and the length of x is as small as possible.  Here, A is an m by n matrix, b is a 

column vector of dimension m, and x is a column vector of dimension n.   

Let us first briefly look at how the αQβR algorithm solves least square problems.  Two 

cost functions are introduced in this algorithm.  The first one is 

fk (b) = the smallest square of the length of the vector Ak xk – b,    (2.1) 

where Ak is a matrix consisting of the first k columns of A, and xk is a column vector of 

dimension k.  The second one is  

gk (b) = the smallest square of the length of the vector xk,   (2.2) 

where xk is subject to the restriction 

|Ak xk – b|2 = min.   (2.3) 

 Individual columns of A are denoted by a1, a2, …, an.  Suppose that fk-1 (b) and gk-1 (b) are 

known.  Then, the functions fk (b) and gk (b) are obtained using the principle of optimality [6].  

The dynamic programming procedure for updating fk (b) and gk (b) based on knowledge of  the 

functions fk-1 (b) and gk-1 (b) depends on whether ak is linearly dependent on a1, a2, …, ak-1.  If 

ak is linearly dependent on a1, a2, …, ak-1, then 

)()( 1 bfbf kk −= ,   (2.4) 

because a linear combination of a1, a2, …, ak-1, ak can approximate the vector b no better than a 

linear combination of a1, a2, …, ak-1.  Also,  

)]([min)( 1
2

kkkkxk axbgxbg
k

−+= − ,   (2.5) 
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where xk is a scalar, the kth component of vector xk.  The reason is that once xk is chosen, then 

the immediate penalty is xk
2.  The remaining components, x1, x2, …, xk-1, have to be chosen to 

bring a linear combination of a1, a2, …, ak-1 as close as possible to the new target vector, which 

is b – xkak.  Furthermore, the sum of x1
2 + x2

2 + … + xk-1
2 must be a minimum. 

In the case that ak is linearly independent of a1, a2, …, ak-1, with any choice of the scalar 

xk we must approximate the new target vector b – xk ak as closely as possible by the sum x1a1 +  

… + xk-1ak-1 .  Thus 

)(min)( 1 kkkxk axbfbf
k

−= − .   (2.6) 

If the minimizing value of the scalar xk is xk
*, then 

gk (b) = (xk
*)2 + gk-1(b - xk

*ak).   (2.7) 

 Now, let us look at the function 

fk(b) = the square of the length of the residual (Akxk – b), when the vector xk is chosen optimally, 

where dim b = m, and Ak consists of the first k columns of A. 

When k = 1 we have 

f1(b) = min (a1x1 – b)T(a1x1 – b).   (2.8) 

The minimizing condition is 

a1
Ta1x1 – a1

Tb = 0,   (2.9) 

so that 

ba
aa
bax T

T
+== 1

11

1*
1 .   (2.10) 

where a1
+ is the generalized inverse of the vector a1 (assuming that a1 ≠ 0).  It follows that  

baaIbbf T ][)( 111
+−= .   (2.11) 

The function f1(b) is a quadratic form in b which can be written as 
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bQbbf T
11 )( = ,   (2.13) 

where Q1 is a symmetric positive semi-definite m by m matrix. 

To prove that fk (b) is a quadratic form in b, that is 

fk (b) = bTQkb,   (2.15) 

where Qk is a symmetric positive-definite m by m matrix,. we look at two cases separately, 

depending on whether the vector ak is linearly dependent on the previous vectors or not. 

Assume first that ak is independent of a1, a2, …, ak-1.  The kth element of vector x is 

denoted as s.  From Eq. (2.6), we have 

 )(min)( 1 sabfbf kksk −= − , k = 2, 3, …, n.     (2.16) 

Assume that 

 . (2.17) bQbbf k
T

k 11 )( −− =

Than we have 

 . (2.18) )}(){(min)( 1 kk
T

ksk sabQsabbf −−= −

The function to be optimized is 

   )}(){( 1 kk
T

k sabQsab −− −

 , ))(( 11 kk
T
kk

T sabQsaQb −−= −−

 . (2.19) kk
T
kkk

T
k

T
kk

T aQassaQbbQsabQb 1
2

111 −−−− +−−=

To obtain the optimal solution, we let 0{}
=

ds
d , so that 

 02{}
111 =−−= −−− kk

T
k

T
kkk

T
k aQbbQaaQsa

ds
d . (2.20) 

Note that since is a scalar, =( )bQa k
T
k 1− bQa k

T
k 1− bQa k

T
k 1−

T= .  Therefore, the optimal 

solution is 

kk
T aQb 1−
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kk

T
k

k
T
k

kk
T
k

kk
T

aQa
bQa

aQa
aQb

s
1

1

1

1*

−

−

−

− == . (2.21) 

Apply the two forms of the optimal solution s, and denote kkk aQ 1−=α . Eq. (2.19) can be 

rewritten as 

 
k

T
k

T
k

k
T
k

k
T
k

k
T

k
T
k

T
k

k
T

k
T

k a
b

a
a
b

a
b

bbQbbf
α

α
α

α
α

α
α

α )(2)( 1 +−= − . (2.22) 

Therefore, we have 

 bQbb
a

Qbbf k
T

k
T
k

T
kk

k
T

k =−= − )()( 1 α
αα

. (2.23) 

The recursive updating of Qk-1 is  

 
k

T
k

T
kk

kk a
QQ

α
αα

−= −1 . (2.24) 

Next assume ak is dependent upon a1, a2, …, ak-1.  Then )()( 1 bfbf kk −= , because a linear 

combination of a1, a2, …, ak-1, ak cannot be brought closer to b than a linear combination of a1, 

a2, …, ak-1.  Thus we have . 1−= kk QQ

Now, let us look at the second function 

gk (b) = the smallest square of the length of the vector xk, for which |Akxk-b| is a minimum. 

When k = 1 we know, from the previous discussion, that in the one stage process 

ba
aa
bax T

T
+== 1

11

1*
1 ,   (2.25) 

where a1
+ is the generalized inverse of the vector a1 (assuming that a1 ≠ 0).  It follows that  

baabbg TT ++= 111 )()( .   (2.26) 

The functions g1(b) is a quadratic form in b which can be written as 

bRbbg T
11 )( = ,   (2.27) 
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where R1 is a symmetric positive semi-definite m by m matrix. 

To prove that gk (b) is also a quadratic form in b, that is 

gk (b) = bTRkb,   (2.28) 

we look at two cases separately, depending on whether the vector ak is linearly dependent on 

the previous vectors or not. 

Assume that ak is independent of a1, a2, …, ak-1.  From eq. (2.21) we know that  

 
k

T
k

T
k

a
b

s
α
α

=* . (2.29) 

Apply s* to eq. (2.7), which is  

 .   )()()( *
1

2*
kkk asbgsbg −+= −

Then we have 

 , )()()()( *
1

*2*
kk

T
kk asbRasbsbg −−+= −

 b
a

aIR
a
aIb

a
b

a
b

T
k

T
kk

k
k

T
k

T
kkT

k
T
k

T
k

k
T
k

k
T

][][ 1 α
α

α
α

α
α

α
α

−−+= − , 

 b
aa

aIR
a
aIb

k
T
k

T
kk

k
T
k

T
kk

k
k

T
k

T
kkT }

)(
][]{[ 21 α

αα
α
α

α
α

+−−= − . (2.30) 

 Assume next that ak is dependent upon a1, a2, …, ak-1.  From the previous part we know 

that the solution to Eq. (2.3) is not unique, one of which would result in the minimum length of 

the vector xk.  The kth element of solution x is denoted as s; the recursive relationship is shown 

as 

 . (2.31) )}({min)( 1
2

kksk sabgsbg −+= −

Assuming that 

 , (2.32) bRbbg k
T

k 11 )( −− =
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we have 

 , (2.33) )}()({min)( 1
2

kk
T

ksk sabRsabsbg −−+= −

 , 2
1{ } ( ) ( )T T

k k ks b sa R b sa−= + − −L

 , ))(( 11
2

kk
T
kk

T sabRsaRbs −−+= −−

 . (2.34) kk
T
kk

T
kk

T aRasbRsabRbs 1
2

11
2 2 −−− +−+=

Denote as kk aR 1− kβ , and let 0{}
=

ds
d .  We have 

 . (2.35) 0222 =+− k
T
k

T
k sabs ββ

Therefore, the optimal solution is 

 
k

T
k

k
T

a
bs

β
β

+
=

1
* . (2.36a) 

Since s is a scalar, we also have 

 
k

T
k

T
k

a
bs
β

β
+

=
1

* . (2.36b) 

Apply Eq. (2.36a) and Eq. (2.36b) to the function gk(b).  It is seen that 

 b
a

bbRb
a

ba
a

bbg T
k

k
T
k

k
T

k
T

k
T
k

T
k

k
T
k

k
T
k

k
T

k β
β

β
β

ββ
β

β
+

−+
+

+
+

= − 1
2

1
)1(

1
)( 1 , 

   b
a

Rb
k

T
k

T
kk

k
T )

1
( 1 β

ββ
+

−= − . (2.37) 

Therefore, it has been proved that gk (b) is also a quadratic form in b; that is, 

 gk (b) = bTRkb, (2.38) 

 where 
k

T
k

T
kk

kk a
RR

β
ββ

+
−= − 11 . 
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 In the above procedure, one needs to determine whether ak is linearly dependent on a1, a2, 

…, ak-1, or not.  It is to be proved that  

 ak = αk + lin. com. of α1, α2, …, αk-1,                          (2.39) 

where αk = Qk-1ak.  Also, αk is to be proved orthogonal to a1, a2, …, ak-1.  See the Appendix for 

details.  Therefore, instead of directly testing whether ak is linearly dependent on a1, a2, …, ak-1, 

we can examine whether αk is the null vector or not.  That is, if 

αk = Qk-1ak = 0, 

then ak is linearly dependent on a1, a2, …, ak-1; otherwise, if  

01 ≠= − kkk aQα , 

then ak is linearly independent of a1, a2, …, ak-1.  

It will be proved in Section 4 that all the information needed to get generalized inverses 

has been obtained in the above procedure.  The steps are as below: 

11 a=α ,   (2.40) 

+−=−= 11
11

11
1 α

αα
αα aIIQ T

T

,   (2.41) 

++= 111 )( aaR T .   (2.42) 

Then for each value of k, k = 2, 3, …, n, there are two cases.  If 

01 == − kkk aQα ,   (2.43) 

then 

1−= kk QQ ,   (2.44) 

kkk aR 1−=β ,   (2.45) 

k
T
k

T
kk

kk a
RR

β
ββ

+
−= − 11 .   (2.46) 
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If, on the other hand, 

01 ≠= − kkk aQα ,   (2.47) 

then 

k
T
k

T
k

k αα
αα =+ ,   (2.48) 

+
− −= kkkk QQ αα1 ,   (2.49) 

)()()( 1
+

−
+++ −−+= kkk

T
kkk

T
kk aIRaIR αααα .   (2.50) 

 

3. DERIVATION OF GREVILLE’S ALGORITHM 

Because of its extensive applicability, Greville’s result is widely stated, but no 

constructive proof is provided because of the perceived complexity of his solution technique.  

But a simple derivation has been given by Udwadia and Kalaba (1997) [5].  The derivation is 

as below. 

Suppose the MP inverse of the matrix A, denoted as A+, is known.  We want to get the 

solution to the least square problem bBx ≅ .  The matrix B is partitioned as [A a], and the 

vector x is partitioned as , where z is a vector of dimension k-1, and s is a scalar.  We 

therefore rewrite  as ( ) .  Then 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
s
z

bBx ≅ b
s
z

aA ≅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

basAz ≅+ ,    (3.1) 

asbAz −≅ .    (3.2) 

With the knowledge of the generalized inverse, we know that the solution is 

)( asbAz −= + .    (3.3) 
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Substituting Eq. (3.3) into Eq. (3.2), we have 

asbasbAA −≅−+ )( ,    (3.4) 

bAAIasAAI )()( ++ −≅− .    (3.5) 

Denote  as c.  If , we have aAAI )( +− 0≠c

bAAI
aAAIAAIa

AAIas T

T

)(
))((

)( +
++

+

−
−−

−
= .    (3.6) 

Since (I-AA+) is symmetric and idempotent, which can be proved by using the properties of 

generalized inverses, we have 

b
aAAIa

AAIas T

T

)(
)(

+

+

−
−

= ,   (3.7) 

bcs += .   (3.8) 

On the other hand, we know the solution of ( )  is b
s
z

aA ≅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

( ) baA
s
z +=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
.   (3.9) 

Recalling the solution z and s obtained in the previous part, we have, 

( ) b
c

acAA
baA ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
=

+

+++
+ .   (3.10) 

Since the vector b is arbitrary, 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

+

+++
+

c
acAA

aA , if c ≠ 0.   (3.11) 

Now let us consider the case when c = 0; namely, c is an m-dimensional null vector.  

From Eq. (3.5), we know that when c = 0, s can be any scalar, which means the solution vector 
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is not unique.  Instead of picking any solution that holds , we want a solution 

with the minimum length, which means 

( ) b
s
z

aA ≅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

min2 =+ szzT .   (3.12) 

Denote (A+b) as u and (A+a) as v. We have 

vsuasbAz −=−= + )( ,    (3.13) 

Therefore 

min)()( 2 =+−− svsuvsu T ,    (3.14) 

min2 22 =++− svsvusvuu TTT .    (3.15) 

The value of s that minimizes the length is obtained from 

bAvuvsvv TTT +==+ )1( ,    (3.16) 

yielding 

b
vv

Avs T

T

+
=

+

1
,   (3.17) 

so that 

( )
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−

−
−

= +

+
++

+

vv
Av

vv
AvaAA

aA

T

T

T

T

1

1  if c = 0.   (3.18) 

Eq. (3.11) and Eq. (3.18) constitute the updating procedure. 

 

4. GENERALIZED INVERSES AND αQβR 
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Recall the fact that the solution of the minimal norm least squares problem 

 can also be obtained by x = Amin)()( =−− bAxbAx T + b, where A+ is the pseudo-inverse of 

A.  It is natural to seek A+ through the αQβR algorithm.  

Greville’s algorithm shows how to pass from knowledge of Ak-1
+, the pseudo-inverse of 

Ak-1, which is the first k-1 columns of matrix A, to the pseudo-inverse Ak
+ of the matrix Ak, 

which is the first k columns of matrix A.  The vector c plays a crucial role in the updating.  Let 

us consider what the vector c actually is.  Assume the matrix A contains n columns, and 

column vector w contains n scalars w1, w2, …, wn.  They are denoted as 

( naaaA ...21= ) ,  . 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nw

w
w

w
M

2

1

Therefore, Aw is a linear combination of the columns in matrix A.  Since ( )aAAIc +−= , 

AwAAIaAwc TTT )( +−= .   (4.1) 

Because +− AAI is symmetric, 

AwAAIaAwc TT )( +−= ,   (4.2a) 

)( AwAAAwaT +−= .     (4.2b) 

Recall one of the properties of the MP generalized inverse, AA+A = A.  We conclude that 

0=AwcT ,   (4.3) 

which means that vector c is orthogonal to any linear combination of the columns of matrix A.  

Moreover, from ( )aAAIc +−=  we have 

aAAca ++= ,   (4.4) 
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where A+a can be considered as some vector w.  Therefore, a is a linear combination of the 

previous columns in matrix A plus a vector c which is orthogonal to all those columns in matrix 

A.  Therefore, the new column, a, is determined as independent of all previous columns, when 

c is not the null vector. 

Now we consider a vector αk in the αQβR algorithm.  It can be shown that the vector αk 

is orthogonal to the vectors a1, a2, …, ak-1.  Instead of applying a vector c as Greville does, the 

updating of Ak-1
+ to Ak

+ can be accomplished in terms of either αk or βk, depending on whether 

αk ≠ 0 or αk = 0. 

First let us consider the case in which c ≠ 0.  This means that the vector ak has a non-null 

component that is orthogonal to the vector a1, a2, …, ak-1.  Consequently, this is the case in 

which αk is not linearly dependent upon a1, a2, …, ak-1.  The Greville updating is given by 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

+

++
−

+
−+

c
caAA

A kkk
k

11 ,    (4.5) 

which requires a knowledge of the vector c, in addition to and a+
−1kA k.  But the αQβR algorithm 

provides the vector αk, which is the component of ak that is orthogonal to a1, a2, … ak-1, as we 

have seen earlier.  Thus when , a+
−1kA k and αk are known, we may determine Ak

+ as 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

+

++
−

+
−+

k

kkkk
k

aAA
A

α
α11 .    (4.6) 

The second case is that in which c = 0.  In this case ak = Ak-1Ak-1
+ak, so that the vector ak 

is linearly dependent on the columns of the matrix Ak-1.  Greville’s updating is given by the 

formula 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

+
−

+
−+

T

T
kkk

k v
vaAA

A 11 ,   (4.7) 
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where 

kk
T

k
T
k

kk
T

k

aAAa
aAAv +
−

+
−

+
−

+
−

+
=

11

11

)(1
)( .   (4.8) 

To interpret these relations from the point of view of the αQβR algorithm, we recall Eqs. (2.2) 

and (2.16): 

gk(b) = the smallest square of the length of the vector xk which minimizes |Akxk-b|2,  

            = bTRkb. 

We know the solution is  

bAx kk
+= ,   (4.9) 

so that we may write 

bAAbbg k
T

k
T

k
++= )()( .   (4.10) 

Thus, we see that 

++= k
T

kk AAR )( ,   (4.11) 

which should be consistent with the Rk obtained in the previous Eqs. (2.23) and (2.27). 

This enables us to write  

kk
T
k

kk

aRa
aRv

1

1

1 −

−

+
= ,   (4.12) 

k
T
k

k

a
v

β
β

+
=

1
,   (4.13) 

which expresses the vector v in terms of βk.  

These relations show how the updating of to is accomplished in terms of either α+
−1kA +

kA k 

or βk, depending on whether αk = 0 or αk ≠ 0.  

In addition, we know the solution to the problem  is .  Thus min|| 2=− bxA k
k bAx k

k +=
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)()()( bbAAbbAAbf kk
T

kkk −−= ++ ,   (4.14a) 

bIAAIAAb kkkk
T ))(( −−= ++ ,   (4.14b) 

bIAAAAAAb kkkkkk
T )( +−−= +++ ,   (4.14c) 

bAAIb kk
T )( +−= .   (4.14d) 

This shows that  

+−= kkk AAIQ ,   (4.15) 

where Qk is calculated during the αQβR algorithm,  Ak is the first k columns of matrix A, and 

Ak
+ is the generalized inverse of Ak.  

 

5. NUMERICAL EXAMPLES 

We have experimented with determining pseudo-inverses of matrix A by the αQβR 

updating.  Due to computing resource limitations, we could not attempt to solve large 

problems.  Two smaller examples are provided here to illustrate the applicability and procedure 

of obtaining pseudo inverses by dynamic programming. Because of the existence of round-off 

error, a very small number, tolerance, is introduced when implementing the algorithm.  Any 

vector whose length is less than the tolerance is treated as a null vector.  Example 1 contains 

detailed steps, while in the second example we have omitted details of solution to conserve 

space.  

Example 1  

Let us look at an example where matrix A is a 5 by 3 matrix and is of rank 2. 
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⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+

=

ε15105
1494
1383
1272
1161

A ,  where ε is 0. 

In this example, the 3th column is linearly dependent on the first two columns when ε = 0.   

Step 1. Input m = 5, n = 3, A.  Set tolerance as 10-8.  The tolerance should be a small 

number against which to test the length of any αk to determine whether ak is linearly 

independent of a1, a2, …, ak-1 or not.   

Step 2. Sweep forward from column 1 through n and store the n α and n β vectors 

When k = 1: 

(1) Initialize α1, Q1, and R1  

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

==

5
4
3
2
1

11 aα , 

+−= 111 αaIQ

  

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−−−
−−−−
−−−−
−−−−
−−−−

=

54545454.036363636.027272727.018181818.009090909.0
36363636.070909091.021818182.014545454.007272727.0
27272727.021818182.083636364.010909091.005454545.0
18181818.014545454.010909091.092727273.003636364.0
09090909.007272727.005454545.003636364.098181818.0

++= 111 )( aaR T  
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⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

0.008264460.006611570.004958680.003305780.00165289
0.006611570.005289260.003966940.002644630.00132231
0.004958680.003966940.002975210.001983470.00099174
0.003305780.002644630.001983470.001322310.00066116
0.001652890.001322310.000991740.000661160.00033058

When k = 2: 

(1) Compute α2: 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

==

81818182.1
45454546.0

90909091.0
27272727.2
63636363.3

212 aQα , 

(2) Test length of α2 against a tolerance 

|α2| = 4.76731295, 

which is greater than the tolerance 10-8.  Therefore, Eqs. (2.49), and (2.50) are used to compute 

Q2 and R2.  No β2 is needed. 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−
−−−
−−−−

−−−
−−

=−= +

40000000.040000000.020000000.000000000.020000000.0
40000000.070000000.020000000.010000000.000000000.0
20000000.020000000.080000000.020000000.020000000.0

00000000.010000000.020000000.070000000.040000000.0
20000000.000000000.020000000.040000000.040000000.0

2212 ααQQ

)()()( 22122222
++++ −−+= αααα aIRaIR TT  

     . 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−−
−−−

−−
−−
−−

=

08480000.003520000.001440000.006400000.011360000.0
03520000.001480000.000560000.002600000.004640000.0
01440000.000560000.000320000.001200000.002080000.0
06400000.002600000.001200000.005000000.008800000.0
11360000.004640000.002080000.008800000.015520000.0

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

+

+++
+

2

2211
2 α

αaAA
A , 
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   . ⎥
⎦

⎤
⎢
⎣

⎡
−−

−−−
=

08000000.002000000.004000000.010000000.016000000.0
28000000.012000000.004000000.020000000.036000000.0

When k = 3: 

(1) Compute α3: 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

==

00000000.0
00000000.0
00000000.0
00000000.0
00000000.0

323 aQα , 

(2) Test length of α3 against a tolerance 

|α3| = 0.00000000, 

which is less than the tolerance 10-8.  Therefore, Eqs. (2.44), (2.45), and (2.46) are used to 

compute Q3, , β3 and R3. 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−
−−−
−−−−

−−−
−−

==

40000000.040000000.020000000.000000000.020000000.0
40000000.070000000.020000000.010000000.000000000.0
20000000.020000000.080000000.020000000.020000000.0

00000000.010000000.020000000.070000000.040000000.0
20000000.000000000.020000000.040000000.040000000.0

23 QQ  

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

==

44000000.0
16000000.0
12000000.0
40000000.0
68000000.0

323 aRβ  

k
T
k

T

a
RR

β
ββ

+
−=

1
33

23 , 
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      . 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−−
−−−

−−
−−
−−

=

05253333.002346667.000560000.003466667.006373333.0
02346667.001053333.000240000.001533333.002826667.0
00560000.000240000.000080000.000400000.000720000.0
03466667.001533333.000400000.002333333.004266667.0
06373333.002826667.000720000.004266667.007813333.0

33

3

1 β
β

Ta
v

+
=

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

=

07333333.0
02666667.0

02000000.0
06666667.0
11333333.0

. 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

++
+

T

T

v
vaAA

A 322
3 , 

 . 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−−

−−
=

07333333.002666667.002000000.006666667.011333333.0
06666667.003333333.000000000.003333333.006666667.0
20666667.009333333.002000000.013333333.024666667.0

The generalized inverse calculated by the αQβR algorithm is 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−−

−−
=

07333333.002666667.002000000.006666667.011333333.0
06666667.003333333.000000000.003333333.006666667.0
20666667.009333333.002000000.013333333.024666667.0

Ainv . 

To check if the calculations, we compare the generalized inverse with the results given by the 

function pinv( ) in MATLAB.  The calculation of Q and R can also be used to check the 

correctness of the algorithm.  See Eqs. (4.11) and (4.15). 

 

Example 2  

Let us look at an example where the matrix A is of full rank. 
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⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+

=

ε15105
1494
1383
1272
1161

A ,  where ε is 5. 

In this example, the 3th column is linearly independent of the first two columns.  Input m = 5, n 

= 3.  Set tolerance as 10-8.  The result of using the αQβR algorithm to get the generalized 

inverse is 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−−

−−
=

20000000.020000000.010000000.000000000.010000000.0
40000000.030000000.020000000.010000000.000000000.0

20000000.020000000.000000000.020000000.040000000.0
Ainv , 

which is consistent with the result given by MATLAB. 

Example 3  

Let us look at an example where the columns in matrix A are nearly dependent. 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+

=

ε15105
1494
1383
1272
1161

A ,  where ε is 10-5. 

In this example, the 3rd column is almost linearly dependent on the first two columns.  We want 

to examine how sensitive this dynamic procedure is to making the decision on whether the 

matrix is full rank or not.  Input m = 5, n = 3.  First, the third column is treated as dependent on 

the first two columns.  The result of using the αQβR algorithm to get the generalized inverse is 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−−

−−−
=

07333330.002666665.002000000.006666666.011333331.0
06666654.003333327.000000000.003333326.006666653.0
20666690.009333343.002000005.013333353.024666701.0

Ainv , 
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which is not consistent with the result given by MATLAB.  Now let the third column be 

treated as independent of the first two columns.  The result of using the αQβR algorithm to get 

the generalized inverse is 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−−−

−−−
=

00000000.100000000.1500000000.000000000.050000000.0
00000000.299999900.100000000.100000100.099999800.0

00000000.199999600.049999900.000000200.049999500.0
50.1 eAinv , 

which is consistent to the digits shown with the result given by MATLAB.  This seems to 

indicate that making the correct decision is very important. 

6. CONCLUSIONS 

The purpose of this paper is to show the connection between the αQβR algorithm and the 

algorithm of Greville.  When carrying out the αQβR algorithm, one can produce enough 

information to calculate the generalized inverse.  Many numerical experiments – of which only 

a few are reported here – show that the αQβR algorithm is reliable and efficient. 

From the previous discussion, the meaning of the α’s and the Q’s is clear.  But the 

meaning of the β’s and the R’s is more obscure.  Let us write Eq. (4.13) as 

)1( k
T
kk av ββ += . 

We do know that β k is proportional to v, which appears in Greville’s updating formula, 

because  is just a scalar. )1( k
T
ka β+
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APPENDIX I 

Below is the program for this algorithm for both solving least square problems and calculating 

generalized inverses.  It is compiled and run in MatLab version 5.3. 

diary result1.txt 
clear all 
%echo on 
%aQBR Algorithm 
%Yueyue Fan  10-1-2000 
 
%input the A matrix and b vector 
A = input('Please input A:') 
M = input('Please input the dimension M:') 
N = input('Please input the dimension N:') 
e = input('Please input the tolerance:') 
 
%initialize alfa1, Q1, and R1 
a = A(:,1); 
Ak = a; 
pinvAk = Ak'/(Ak'*Ak); 
alfa(:,1) = a 
I = eye(M); 
pinva = a'/(a'*a) 
Q = I - a*pinva 
R = pinva'*pinva 
Beta(:,1) = zeros(M,1) 
AAk = a 
Ainv = AAk'/(AAk'*AAk) 
for k = 2 : N 
   disp(k); 
   alfa(:,k) = Q * A(:,k) 
   AAk = A(:,[1:k]) 
%Test length of alfa(k) against a tolerance and calculate alfa, Q, R, Beta 
for each k. 
   length = norm(alfa(:,k)) 
   if length <= e 
      Q = Q 
      Beta(:,k) = R * A(:,k) 
      R = R - Beta(:,k)*Beta(:,k)'/(1+A(:,k)'*Beta(:,k)) 
      v = Beta(:,k) / (1 + A(:,k)' * Beta(:,k)); 
      AinvTop = Ainv - Ainv * A(:,k) * v'; 
      Ainv = AinvTop; 
      Ainv(k,:) = v' 
   else 
      pinvAlfaK = alfa(:,k)'/(alfa(:,k)'*alfa(:,k)); 
      Q = Q - alfa(:,k) * pinvAlfaK 
 
      RR = I - A(:,k) * pinvAlfaK 
      R = pinvAlfaK' * pinvAlfaK + RR' * R * RR 
      AinvTop = Ainv - Ainv * A(:,k) * pinvAlfaK; 
      Ainv = AinvTop; 
      Ainv(k,:) = pinvAlfaK   
   end 
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end 
 
%output 
disp('The Generalized Inverse of Matrix A is:'); 
disp(Ainv); 
disp('END'); 
%echo off 
diary off; 
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APPENDIX II 

The procedure for proving the two relationships, (1) αk is orthogonal to α1, α2, …, αk-1; 

(2) ak = αk + lin. com. of α1, α2, …, αk-1, where αk = Qk-1ak, is given below. 

The initial conditions are: 

11 a=α , 

+−=−= 11
11

11
1 α

αα
αα aIIQ T

T

. 

It follows that  

0
11

111
111 =−=

αα
αα
T

T aIaaQ , 

vvIvvQ T

T

=−=
11

11
1 αα

αα ,  

where v is orthogonal to 1α . 

 When k = 2: 

 , 12112 )( aaQ T=αα

          , 112 aQaT=

          . 0=

Therefore, 2α  is orthogonal to a1.  The first relationship holds when k = 2. 

21222 aQaa −=−α , 

                2
11

11 )( a
a

II T

T

α
αα

+−= , 

                1
11

21 )( α
α

α
T

T

a
a

= . 
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Because )(
11

21

α
α

T

T

a
a  is a certain scalar, and 11 a=α , we have 

122 asa ⋅=−α ,  

where s is a scalar.  Therefore, when k = 2, the second relationship also holds. 

Next, let us assume the two relationships hold for the 1st, 2nd, …, kth cases; namely, (1) αl 

is orthogonal to α1, α2, …, αl-1; (2) al = αl + lin. com. of α1, α2,…,αl-1. 

By definition, we have: 

l
T
l

T
ll

T

T

l aa
IQ

α
αα

α
αα

−−−= L
11

11 , and  

lll aQ 1−=α , 

where l = 1, 2, …, k. 

Because 

=l
T
la α ( αl + lin. com. of α1, α2,…,αl-1)Tαl, and 

αi
Tαl = 0, where i < l, 

it follows that  

l
T
ll

T
la ααα = .  

Therefore, Ql can be also written as: 

l
T
l

T
ll

T

T

l IQ
αα
αα

αα
αα

−−−= L
11

11 . 

Now let us look at the k+1th case: 

l
T

kkl
T
k aQ ααα )( 11 ++ =  

            lk
T
k Qa α1+=
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 l
k

T
k

T
kk

l
T
l

T
ll

l
T

T
T
k Ia α

αα
αα

αα
αα

αα
αα )(

1

11
1 LL −−−−= + . 

Because , where , it is obvious that 0=l
T
i αα li ≠

0)(11 =−= ++ l
l

T
l

T
ll

l
T
kl

T
k a α

αα
ααααα . 

It has been proved that αk+1 is orthogonal to the previous α’s.  Therefore, the first relationship 

holds for the k+1th case.  Also,  

1111 ++++ −=− kkkkk aQaa α  

                  1)( +−= kk aQI

                 1
1

11 )( +++= k
k

T
k

T
kk

l
T

T

a
αα
αα

αα
αα

LL  

                 lin. com. of = kαα L1 . 

Therefore, the second relationship also holds for the (k+1)st case.  This completes the proofs.  
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